
2026  Classical Mechanics Final term. 

 

1. Based on the following effective action 

  

, where 𝑎𝜇 is a momentum-space Berry connection, derive the Hamiltonian equation of motion 

and solve them to find the below expression 

 

. 

Here, m may be regarded as an effective mass for this particle. Can you imagine a UV complete 

version of this effective action? In other words, figure out where this effective action comes from. 

Maybe, google or AI with “chiral fermions”. It is important to notice the momentum-linear 

dispersion, which implies that Poincare invariance = Lorentz invariance + Translational invariance 

will play a key role. Can you figure out the Lorentz symmetry in this particle dynamics (optional)? 

(50 points) 

 

2. Revisit this problem based on the symplectic geometry perspectives. Can you find the 

corresponding symplectic two form and the symplectic vector field? Let me give you the answer. 

=                                6-dimensional phase space + 1 time dimension 

 

     𝑖𝑋𝐻
𝜔 = 𝑑𝐻 or the following expression 

 

 

Clarify the symplectic structure. Show that this symplectic two form is non-degenerate, i.e., given 

by                                



(50 points) 

 

3. Consider a spinning particle to follow relativity. To describe the spinning particle, we consider a 

9-dimensional phase space, given by 

. 

Here, I𝜇  & 𝐽𝜇 are two independent null vectors, given above. To figure out that this is the 9-

dimensional phase space, we introduce P𝜇  & 𝑆𝜇𝜈 to replace I𝜇  & 𝐽𝜇 as follows: I𝜇 → 𝑃𝜇  & S𝜇𝜈 =

−𝑠𝜖𝜇𝜈𝜌𝜎𝑃𝜌𝐽𝜎. Then, we obtain 

It is straightforward to check out that P𝜇  & 𝑆𝜇𝜈 satisfy 

these constraints. 

 

Now, we introduce the following closed two form                                                                                                                                                                                                                                     

Here, we do not consider electromagnetic fields. Identify the Hamiltonian vector field and obtain 

the following Hamiltonian equation of motion, 

It is quite surprising to realize that this symplectic two form is identical 

to that of Q. 2 if electromagnetic fields are neglected, i.e., ω0 in Q. 2. 

In other words, the symplectic two form of Q. 2 without 

electromagnetic fields is a symplectic reduction of the above symplectic 

two form. Can you figure it out? See below. 

To obtain down-to-earth expressions, we put R = ( r , t ), where r and t are the position and time 

coordinates in a chosen Lorentz frame. The two null-vectors are in turn P = ( p , |p| ) and J = ( q , 

- |q| ), where p and q are two (necessarily nonzero) 3-vectors which satisfy p · q + |p| |q| = 1.  

In these terms we have 

Based on this coordinate representation, find the 

moment map that reduces the symplectic two form in 9-

dimensional phase space to that in 6-dimensional one. 

(100 points) 

 

4. Now, we introduce a non-minimal coupling of electromagnetic fields into this spin 1/2 chiral 

fermion. Starting from the closed two form,  



derive the corresponding equations of motion as follows: 

Unfortunately, the above closed two form is not completely 

satisfactory. We have to introduce the mass square constraint in 

the following way:  

 

As a result, we find  

 

These equations constitute the zero-rest-

mass counterparts of the celebrated 

Bargmann-Michel-Telegdi equations for 

massive relativistic particles. 

For the massive case, one can show that these types of equations can be derived from the 

following Lagrangian:  

Starting from this effective Lagrangian, 

derive  

 

 

(100 points) 

 

 


