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1. Find two coupled 1st order ordinary differential equations from the 2nd order ordinary differential

equation of the hypergeometric function

1)

d? d
t(l—t)ﬁg—l—[c—(a—i—b-i—l)t]d—i—abyzo (0)

Find the corresponding Lagrangian to give the 2nd order hypergeometric equation via the Euler

Lagrange equation of motion.

Performing the Legendre transformation, find the corresponding Hamiltonian and the Hamiltonian

equation of motion.

Through the canonical transformation, find the Hamilton Jacobi equation for the hypergeometric

equation.

. Quantize the hypergeometric equation.

Find the corresponding Schrédinger equation for the hypergeometric equation. Show that the
semiclassical approximation (i — 0) reduces this Schrédinger equation to the above Hamilton

Jacobi equation. Can you find the eigenfunctions? You can use the Mathematica.

Find the corresponding Heisenberg equation of motion for the hypergeometric equation. Can you
introduce creation & annihilation operators to diagonalize the Hamiltonian operator? Construct

the Hilbert space.

Find the path integral formulation to show that it is a solution of the above Schrédinger equation.

Can you perform the path integral explicitly, certainly possible in principle?
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A (1) #Hete
d’y  dmdy
Py dmdy = 4
mde—i— dr dx gy + ATy “)
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Conjugate momentum
Conjugate momentum pS A4 2|5tC}:
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Xef: Generating function® = HLUEL|OHS 022 BHS7|
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=
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—t7¢(1 —t)"abret <8W> — —abt7 (1 t)“+b—cy2+%—vz/:0 (35)
y

O|Z0] Z=7[ot YZA0f L Sst= oL E O H| FZA Ol



2-(1) #2197 YHA D WKB 35

Canonical quantization

& LAfete 712 22 EOtS 22 E commutator 2 TS A|7|= AO|CE:

Vg

{v,p}tpe =1 — [§,PlDB = ih (36)
pe yOll TSt generator 0] 70|, y Of] TSt O] A AFZ}O|CY:
p=—inZ (37)

0|2, Al (36)2] commutation relations PHESICE yOff CHEH O &4~ f(y) Of CHaH,

. R 92 1 9
H= om0 0y® | 2 (t)y (38)
m(t) 2 k(t) S 0 HA|H2Z LIEILHH
’ hz —c a+b—c+1 82 1 c—1 a+b—c, 2

Wave function W(y,t)Of CHEt 52| H LA 4u = LHT0|Ct 07|0f Al (39)2] HUEL|QHS ¥

dt
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zhat\Ier—t (1—1) 82\If+ abt (1-1) Y’ =0 (40)
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00  ih 0’0 1 <a@>2_1
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2Lt 2t D&l A|E tOf| M instantaneous eigenvalue problem= MlE £ ULH E35| 4H=0| 24
2-(2)Of| M <HRISHAR| 2 U EL| Q0| M t-dependent term @l m(t) 2t k(t) 7t OFF =2|H| HS}5t= adiabatic

condition O|2tH instantaneous eigenstateE 2= A|=7} 2|0|US ZAO|C},

H(t) dn(y;t) = En(t) én(yst) (40-a)

. B2 9?2 1

H(t) = " om(t) o + §k(t)92

0|, h =12 =t A5 F= 24 = SHOLE AHO| THE HZf gitt.

Instantaneous eigenvalue problemOf|M bound stateZ7t ZAH5te{H TEIE V(y) =
potential, = k(t) > 00|00} StC},

CHE2 0 <t < 1 FZHOMBHATHEH -1 > 00|10 (1 —¢)etb—c > 00|22,

1k(t)y? Ol confining
k(t) = —abt*"1(1 —t)otb=e

O| BT &= ab2| B2 = ZHECE ab < 09! 27t bound stateZ7t A& 2ZO0|C},
1

OIE S0|, 27|65t &4 21 (1,1;2; —2) = 2o g2tz a =1, b =1, c = 20| M
m(t) = t*(1 —t), k(t) = —t
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0 NDEigensystem2 & &/t NRZf BAHE XML 2 ERUCL Oll=a=2,0=—-1,c=2,t = 050X

2|2 47} 1K &t4E 15H= Mathematica 2 EO|C},

Module[{a = 2, b = -1, ¢ = 2, t0 = 0.5, nEig = 4, ymax = 5,

mt, kt, evals, efuncs},

mt t0"c (1 - t0)"(a+Db-c+ 1);

kt

-a b t07(c - 1) (1 -1t0)"(a+Db-c);
{evals, efuncs} = NDEigensystem[
{-1/(2 mt) \[Phil''[y] + (1/2) kt y~2 \[Phi] [y],
DirichletCondition[\[Phi] [y] == O, Truel},

\[Phi] [y], {y, -ymax, ymax}, nEig

1;
Print["m(t) = ", mt, " k(t) = ", kt];
Print["eigenvalue: ", evals];

Plot [Evaluate[efuncs], {y, -ymax, ymax},
PlotLegends -> Table["n=" <> ToString[n], {n, O, nEig - 1}],
PlotLabel -> "instantaneous eigenfunction (a=2,b=-1,c=2,t=0.5)",
AxesLabel -> {"y", "\[Phi](y)"},

ImageSize -> Large



instantaneous eigenfunction (a=2, b=-1, c=2, t=0.5)
B(y)

— n=1

— n=2

Figure 1: instantaneous eigen functions (a = 2,b=—1,¢=2,¢t =0.5)

SHO2} ALt discrete eigenfunction=0| LIEFCE n 0| S7+&H0| L2t node £=7} LA S0{LIH, O|=

ZoISAS| O 20|E oot YA 2= UR|GHC
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— T — T = oe— o — T 2 = — — T ) = — H

o 'hU [z, H]U 7 2mU [z, p”|U = 2mU (2ihp)U 2 47)
dp 1 1 omw® . 9 1 2 — .
—_ —_ _ . — — 4
= EU [p, H|U =5 U'lp, z°|U = (—2in)UTyU mw’z (48)

Matrix representation

_ _ _ 0 —i _
0| coupled differential equations HE HEHHC= LIEHHH, OI22| HH 5, = £ 0|28 uj
i 0
d [ p"/mw 0 —w pH Jmw _ pf /mw
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dt 2H w 0 2H oH
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2= HiE " Of A[Ztofl Cgt ZEtet 12} D2 HHAIO[CE O|Zd9| dli=:
x
pH (t) /mw ) pf(0)/mw cos(wt)  sin(wt) pf(0)/mw
= exp(—iwt o) = (50)
(1) 2 (0) —sin(wt) cos(wt) 21 (0)

CH2+3t2} creation annihilation operator ==

H H H
P /mw ' /mw P /mw ; 0 —w
Ao el (7)o che saig w4 (T ) =2 (") o, w
x T z w 0
7t 5 0|Ct metr iU EL|QHE TH2Slste 42 0] YHO| & HO| €| =& = similarity transform
2 %83 Zo|ct
o = = 1 pf Jmw
2EYYA (49)2] dHE PR OHST| 2ol scale factor x = /L E 018, 2=+ o |
x
£, A scaling 7 = wt S A E6HH:
dz 0 -1
(51)

dr 1 0
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d 1 [—i 1 pH [xmw i 0 1 i1 H /xmw
drv2 \ ;i 1 o /x 0 —i) vV2\i 1 o /x
Yo AZ HLS B Z2H=0| BEZ ladder operatorO|Ct
d |a al
dr | 4 a

o|y:

mw (. pH I )

a=/— |i— +=x + lowering operator (annihilation operator)
2h \ mw
mw pH H
al = o —i— 4z + raising operator (creation operator)
w

2 FO{2EM, AIZHON| et m 2t k7t BER| = A|ARIO|AM = BIEE CHZS} 40
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o
=
R0
i
—.— UOII

H
- %w(w 9. HONUCE) = U

—~

1 1
t) |y, ——p? + k()| UR) = — - UT(t)—— [y, PPl Ut
) |y PP Sk(Oy | U) = = UN (O 5 [y, P ] U)
(47-a)
olul, ut(t )2m(t) [y, p*] U(t) Ol A %% L= time evolution operator HFZ 22 AL L E|=2%| | 20|C},
27|t S EL| Q0| A H|ZE! time evolution operator7t ({E A Ho|g|=| &olet TR It QICt,

A2t 2rH HAALRERF Time-ordering
Of AIAROIIM ¢4(t) 2f HEHE Ttefotr| floh, M= CLE AlHOIA iR EL 2H7[2] commutedt=2| A Lot}

1 p? 1 1 p? 1
Py Ch(t)y? =L 4 Sh(ta)y?

(), Hit)] = |5 055 +3 2m(t) 2

Bilinearity 2 Z705tH [p?, p?] = 0, [k(t1)y?, k(t2)y?] = 09 &= &2 AHE| D!



1k(t1), 9 o  L1Ek(t2), o o
:im(tlz)[y ’ ]+Zm(t21)[p’ ]
[v*,p°] = 2ih{y,p} Ol [p?,y*] = —[y*,p°] 0|22
k(t1)  k(t2)
{y o} ( (t2) m(tl)) &4
k(t) @b m(t) 2] E Q14 A(t) = to(1 — t)* TP~ & 0| &5tH:
m(t) = (1 —t)A(t),  k(t) = —abt L A(t) (55)

k(t1)  k(t2) 5 t1(ta — 1)A%(ta) — ta(ts — 1) A%(t1)
- < trta(ts — 1)(t2 — D) A(t1)A(t2) )

el ¢, # 120l A 4] (56)2 L0 00| OfL{B 2!

’ [H(t1), H(tg)] 75 O when tl 7é tg ‘

C2tM, SHORF CHEH| 2 7|6t sl L EL| 92 time evolution operatorS Dyson series® -6 Of SHC}

t) :H+§: (;)n/(Jtdtl ”H(tl)/ot1 dtQH(tg)---/OtNldtNH(tN) (58)

c-number £2|2} 5}0|HH23 S Al

CHA y™ Off THE! SHOJMIMIZ 3 RSYYME Fohs Al (UT-2) 2 SOIE, UT (1) 55y v, p°] U(1) S ALSIE
AR

HIE U(t) 7} Tt exponential O] OtL|2} Dyson series 2 d2|%|7|= SHX| 8t %E operator/f OfL|2} ¢
2 BYEl= 2Z2} gh(c-number)0[7[0f, 021 ZO| SHUEL|QF HLAE F11 LiZ 4= Tt Al (47-a) 5 OFA
Al LFSHH,

H
B = U O G U = e s U ) QIRpU() = —es )
O[O{M pOf LSt 2SHEAS 2H
H
B = LU0 [p, HONU() = - SR (2R U (0 yU (1) = k()" (18-h)

Coupled differential equation= matrix representation @2 LIEILIH,

d(p"\ _ [ 0 —k@®) (p7
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d (e [ 0 ot (/0 _
()= (o =)0

Wwn(t) 0
A(t) = Fiy/wk(t) wm(t) (59)
[ Lo £ U5t Al7|= HEH P Lok ¢of et MStsOoF & Z40|Ct Ot AlS BH=Eot=
w™(t) 0
HeehE W(t)E ZOoH2Ct
; ok
W (£) wm (t) (Z O) — W) ( 0 “ (t)) W) (52-h)
0 —i wm™(t) 0
_ ! iVwh —ivik o Ve o (=i VF
W(t>m(m r) " ”W(rm r) o

URZ B2t El=4] 4Ss 2,

0 —wk 1 —ivwm VR |0 =Wk ik —ivWk
2 WO =V | vem v om0 | |ver vem

0 —wk vk —ivwk —whVwm —wkwm
w™ 0 Voo o™ a WV OE  —iwmVwk

—iVwm  Vwk —whwom —wkywm 27 whw™ 0
iWwm  Vwk wWmVwWk —iw™Vwk 0 —2i whw™

P el
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W) — =
dt yH 0 —ivVwEwm yH
22t 2SUHA0
d /o iV wkwm 0 H /o
D (M) = w7 )
dt yH 0 —ivVkom yH

H
«
v/ of CHet 2SYYA0| =[Z 7|t A& 4 (62)0M & & AR,

Y
t) 0| time-dependent 5t0f A|7t |2 A2} L of WBkStA| O} 7|CH7t O] 20| 2| 2] Y=

Hat i W l(
qrek Al (63)2 AR = S0 2CHH, ZHHO0| Of2f Al ZHO| =L},
d /o dWL(t e d [p"/a
7W*1(t) p / _ M p / +W*1(t)7 p /
dt yH dt yH dt yH
Al (62)0ll= Qe 2713 (dW agzict

y
80| 1240|220 R BEICIRY, F L0 < Wb (1)
JENE Rk

S| A= W (1) oz —'?’—Ala —’,\— QICt. 0| 0| adiabatic approximationO|C},

=0 =, T o
pf/a
W) " of cst 2sLHAI0| F=5tH, O] BIE{| 2F 24T} ladder operator2| HeHE o Z40|C},
Y
AlLts 2
. pf /o wm — Wk fi\/wm% + Vwk yH
W=(t) =S | i
yH 2V wmw iV B 4wk yH
18 H7ote2] o2 of, 282 TS| Z| Y42 a), OICh. W2tA,
a;rl = N(t) (—Zm L + Vwk y) -+ - creation operator for hypergeometric equation
o
_ . P ﬂ e . .
ap =N(@) (iVw™ = + VwFy ---annihilation operator for hypergeometric equation
Q

N(t)= ZT3} QIAF, AA| A|ZH0|| Tt BBFEICE [ay,af ] = 12 0|23 N (1) Q] 242 PBICH.
(F +F)(—z\/ﬁ£+\/ﬁy)—( Fp+\ﬁ) wm +\/Jy>}
T Ly T Ly VT Ly = iV L)

= N*(t) — Vwmwk[ P
= N2(t) %Vwmw’“ =1

Il

<

=
|,—/Hf—/a
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J2iM Zol=l Ast Q1R ladder operator= Of2f 2t ZHCt,

aj(t) = \/ B —iy/ W™ p w

h( ) 27 /wm(t)wk'(t) ( (t) a + k(t) y)
Y T R Ay S

W) = on oo @) ( O Ty y)

SH|2ZE 27 A

o

__r).

Adiabatic A} SH0{| A [ah,ah] = 10| M&lstE=z, 2t 1
T8t 4~ QICt Number operator 7}t ahah =
eigenket |n) 2 basis ket 22 A= Z0|C} T

L RSS2 E N(¢) |n;t) = n|n;t) 2t B7|SHC},

AlHE toM SHOR =

No=Z 75'9.IEE' [EH, number operatorQ| eigenvalue n= 7}3|

Ast 2

[m
OH

#=

rono

—

A& AlE ¢0f T2t number operator?t B35t 10, eigenket

1,2,...

adiabatic ZAt2| SHA|O|C}.

HEEE &l [0;¢) 2 an(1)|0;t) = 022 Z2|5t1], number basisS
T
t
ity = 0w,
Vil
o2 TS, A oM &7l Y2 E FZH F(t) = span{|n; )} OICk,
SHOStO| 2t0|H2 0| 7|2 2|7} t0f Q| 2BHTHs 20|, Ol
SlatiAts 2~ ol 2|3t BHO| LRSI,
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|-

n(ty) = 0)

y 2t O Ciet 22} 228k 0| F0{ A

i, n(ta)

0

—

Dly(olesp( 350 )

[m(t)gen — k(t)yen] dt

=Yb
Ya

ty

F probability amplitude @l propagator K
y(ts)
(ta)

o
=
/y

f2|QF L(y,5,t) = sm(t)y? — 3k(t)y

o

(& boundary condition0f| 2]

tH:

Sty = Slyel + St + /

K(ybvtb;yavta)

2
tof 4

o

2t

I

—

y(t) = ye(t) +n(t)

Sly]ofl CH

2A[0f A

A
(b
Ct.

d
|.

ot
I

27| Bl (yar ta) OIM 2IS SEH (35, t,) 2 20
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Propagator A42|2} action 22|

il
i

ojn
00

7t2H 12

(67)

(m(t)ge) + k(t)y. 7t

d

(m(t)ge)n dt
@t

tbd

a

(m(t)ge)n dt = — /

tbd
dt

ta

(m(t)ye) + k(t)yc| ndt 2t ZTt. O

4

Syl = Slyc] + Sl

ty

m(®)jih dt = [m(t)g]

ty
a

J

HIZ Q| 2tat

=
1o

<t
if
X
[0
Xr

80

(68)

=)

h

F(tb ,t,l)

D[n(t)]eXp(

0

0

n(ty)
(ta)

eXP<;LS[yC]> /n

402 WA LI2LY,
K(yba th; Ya, ta)

k=2

2820| 22|20l @2} propagator HA| HA|H 22 ALt 4= QUCEH Sy

7

Tl

o)

aF

0l
_T

2
=&

0l

[=]
2

4=

ot

quadratic form2Z0F O|F0{A QUCt 2t Dly]Of CHE

ot

S|

e 7 of

Al
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(69)
(70)
(71)
(72)
(73)

Ef2f 22| QO A

]

o

<

k(t)yQAt]

_
2h
ov
52 82\11
2 Oy?

CH32 2t
ot

Scl(yb; to; Ya, ta))
2hAt

im(t)€2

—

—

ov

At AAHUZBZ Ao 12+ 4
i )~ U(y,t
(y —&,t) ~V(y,t) gay +

exp [

U(y,t) + At

(t
2mihAt

m

dE K (y,t+ At;y — &) W(y — &, 1)

F(tb,ta)exp(

.

oo
—00
5C

ksl

/

t3H 0|4 A| 2t propagator

U(y,t + At)

4& Al 00] =|0f 2AFEICEH MK

o

F

—

12 propagator K(y,t + At;y —€,¢) 5 718 4~ UCH

K(ybv th; Yas ta)

U(y,t+ At)
t7bA| B[ e M

<]

Ol M 7t A2t E4t0] E54 € ~
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