20262182 WA 2026.6.6 Electrodynomics HW2

1. Radiation from o center —fed linear antennc.

|4 Ty = Isin($-kizl) §x) S &
| d
- >y |2(< =
¢
Y_d
L A

®) Vector potential & %ot 2k
Jix,4) = 6—“”*]'(%) 2 current densrty 7 Oscillate &

/ o S(irexa-cl4-2))
retorded Gyreen’s function, G (0¥, 4.47) = an o

2 Z p7
A(Xr?f? z TH_ ey

At = f—,{ jJaIX'oH/ {;)—(th) § (1021~ (#-1))

~;_w7t
:%— J dx’ d# ](x) 5((»{ ¥ |- c(#- t))
:_/‘;fd ! T i#lex] ik
4n x-x1 © €
— w4
Aot = A€ 2 ri¥r Zrhss %2 272 C=kw

Ay = 2= [dn T ki)
4n [ X- xl

o[u, XK of ¥ WY WY3lol po) ope Ko Wieyrfatrrl 24AF

(HJ‘V field, Small §Durce) X Hb3p2l unit vector Z

S»

_)/(/I

/\//— X vl n~ _n./
¥ | )x [X-X] ==K
\7 r

Y

A-x




2AFE R,

A= fé‘;‘fdx Jw) ¢

A = 2 5= | (2
-3

By weor ool A, 74 HEYBEL 0 el | $3her gUCH

Gikz et _ cos (kzcosp) —2sin(kzcosh) Cos( ke cos0) BF HACH

d
j s.n( k;z,) cos (kzcosp) d 2 = 1] sm k2>COS(kzcase dz
_d
g kd
2 2
p=kz A josm (%-kz)cos(kuose)dz =Jo sm(l‘f‘—qS) cos(pee) 2

f sm( )cos(qﬁc,ose) d¢ = cos(—- cos(¢ma) +] cos{-g—d-qs) cos @ sm(pcoss) dp

— cos{-i—“’-:#) cos(¢usa) _sm(g’-f)cosesm(wos&) 4’]“"(}54‘4’)“’5‘9 cos(¢c»9) clﬁb

f Sm( )(.os(q50ose) d¢ = ,n“é [cos{-i—“’—tja) cos ($eoss) _sin(%-f)cosesm(woso)]

kd
CD.S("‘;:'J) y COS(%C”G) - _2_ I d COS(MCOSG cos E}
=0 MY S ¢=ue, S sn*e ”\J‘o s'n(_i-qs) cos(pee) dz = sm‘é)’

TpyEns Ee| EeANE,

3 Mo 2" Cos(ig-{Cos&)—— COS(kd)

Ax) = “ 4 kr Sin"p




vky
A =3 221 £ [cos(’%'c,w)_cos(kd
q-n k r sin*p )

b) Het E field & 3ot

2 e [ cos (1 coss) - cos (K . etk
o ptt] ) g
A Mo 21 ¢ Ly e e kd
S g2 04 it
K2 cos(“T‘coso)—cosde __ —=2.0050¢cos Ly L
96[ ’)- ( )} _ Cs;,(,;zc 0) +2 CosB cos( &) ) kd SM.(—Q—"’coso)
sm@
Az a1 " —1C056w5(ﬁ‘cos9)+26059 cos(g‘i) kd oo (K ps0)
6 T 4n L r Sin3D + = sm;- )
vx( Az 3) = (VA)xZ
Az Iz

Telk o L .
H= soi i | S fenl )l 4 2220 o) 200P0lE) K s (£ cos0) cosf
rsin’d ysmbé

A 724 7
RN R kel R oy s e UR AU,

far ‘\[ielcl QFProxima'tion V—> ik/r\' % o[_,g bl‘zll"

P PR
“_I ,,Uo) E——Zzoer(rx% =“ZZ"<1?(?‘:A) —AJ—-LT( —V‘COSQ)Az

~ ~ .
~ Asmbsm@ + G smbcosd  H(F2)= P eosd

Y

X

1 vky cos (< cs5) — cos S vkr d
“__{ _ Z—i_g_ [ (2 o) (kd)}( }’XZ:) _ Z‘]‘;”f‘ {cos(.z_cos&)—cos(de)]<~’7‘Lsm9w¢+§sm0cmq‘)

sin*p




E = 2 oo B £ [t nlt]

3 Tk r Sinp
AT e o kd R
E =1 2’_2_( _};— CDS( :Z'a COS( ) (/2\. . V'CDSB)

C) Time avernged power  per solid ongle & H|AtbF2k.

dP>——Re[‘ P (Exi)) & A o

do
2
PR
?’OEXIH*): Zo()%:{) r [cos(gcw) Cos(kd)] /b’\“’i(’i—’;\rmsﬁ)x(?xé)}
sin*0 S (hr2)
¢-[{¢x(jﬁ>}x(2@]= la” = |&-% [rxz[‘—((,cxs)oﬂlz [Tx5]" =50
= kd *
P\C [YJ /}/\‘o(lE Xle)i) = Zv I _ COS( COSG) Cos(_z_) sze
© | sinb
2
=2 I+ Cos( Cose) Cos(.’;i)
4T Sing
pp21 Bz oplef & &R
PR

dP _ 7. T CDS(McOse) ~ Cos (””()

dO) 21

sinf




d) LD"g_ wave lensth limit oA {%>°¢ (kd)sin*0 BZ
diple rodiated powey 2 reduce ¥ & Poif

p

dP Zo1 605(%6059) ~ (:os("°()

sinp

kd —> 0 AUl 4L §o| ofgr W

2% Y Ay 4 K
cos (f‘(wse) = Co5 (’\[» c,ose) i l_[I ('\{/mse) +

COj(%dCOSQ)—COS(—I;—C(—)—: —;:’\tzl (l—(‘,os"g)_—_- S_I_q{,lshze

i i Y > 2o 1
gl.ﬁ,: 5;[_} i’-(%}‘sme] _ 83Z?CI (k) |smo|” = g — [kd)* [sme["
BjoMHe He o gl2go| LFEck PLET, 2%y 27 ot Tl

€> kc(f—n %’EHI kd:ln%tﬂ{&[ .g-.‘;;,( i;"’[“‘l' gﬁ -7“_2_!‘

kd =T T ) cos( 5 cosp)
Cos (%cosa) ~ Cos (%() F 7 cm B
sinb M cos(mavst) +| 2cos* (L cost )
7 Sm B = sin @

coS (‘n cosp) + |

_COS( [ 56) ( cosa) + (

= ) Co$ (; coso)

cosz(—f—mse) _
i‘i_— ZoIl SVV’LQ kd= T
d ~ W | deos*(Fwso)




3) %4

e cos O
7 2
4 -\ | /I >
o/ 2w T
cosl(;f-ws@)
dP 2T | s»*0
d02 T B | deost(Fwse)
Sh B

motplot lib &2 24M 2

Exe] ongular distribution 3 2242k

[

\ — — 5/%6«7‘59}

|

i
pa

—

7 oh

\ T
T %rc 27

SuG BF2 OFAFo| V/£

/\2

o

D 2
ol3! Bokzx

2UACl

Linear Antenna Radiation Pattern

20°

180°

AN RN
N

= kd = i (Half-wave)

— kd = 2m (Full-wave)



2. Angular distribution of multipele rodiotion
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9.1 A common textbook example of a radiating system (see Problem 9.2) is a config-
uration of charges fixed relative to each other but in rotation. The charge density
is obviously a function of time, but it is not in the form of (9.1).

(a) Show that for rotating charges one alternative is to calculate real time-depen-
dent multipole moments using p(x, f) directly and then compute the multipole
moments for a given harmonic frequency with the convention of (9.1) by in-
spection or Fourier decomposition of the time-dependent moments. Note that
care must be taken when calculating g,,(t) to form linear combinations that
are real before making the connection.

(b) Consider a charge density p(x, 1) that is periodic in time with period T = 2r/a.
By making a Fourier series expansion, show that it can be written as

P(x, I) = pu(x) + 2] Re[ZP”(x)e—inw]
where
1 (7 ‘
pa(X) = ? J; p(x, D)™™ dt

This shows explicitly how to establish connection with (9.1).

(¢) For a single charge q rotating about the origin in the x-y plane in a circle of
radius R at constant angular speed wy, calculate the ! = 0 and / = 1 multipole
moments by the methods of parts a and b and compare. In method b express
the charge density p,(x) in cylindrical coordinates. Are there higher multi-
poles, for example, quadrupole? At what frequencies? '
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9.2 A radiating quadrupole consists of a square of side a with charges =g at alternate
corners. The square rotates with angular velocity w about an axis normal to the
plane of the square and through its center. Calculate the quadripole moments, the
radiation fields, the angular distribution of radiation, and the total radiated power,
all in the long-wavelength approximation. What is the frequency of the radiation?

.. 2 A[AF3ECE
en eNnsor QL) o c ol
Q vedrupole moment A e
=0 A U mbk g el gy HEME LH R
2 p 7F O|3E KLY HA2 2ol 7k Q. 7% M UH e iy
Ye{ o GotR & ol ofofor 3 Ch % £
A 4
taxi: (£ 2,0,0) , —F4s 1 (0, £5,0) -%
Anﬁulw {”'7“3"0)’ wz '}_l}i \ cosw? ~smot él‘z'i ig'z{ 2%)
Lot Cosw
. THE coswt —Smt o | q [ coswt
_\'C[J-lib" %lll . =_—t%— gt coswi o | = i'].'z Sim (g A
° ©° [J|© 0
0\ cost _Smt 0 (o4 a —SMLJ’Q
— %A 3 tg[eerewt ol || =1 = coswt
0 o | 0} (0

kW B ZLSkel THSL  index

¢
Quadvu[zole moment tensor 2| AL ¢ | Qs =% % (36727 -1 65

RE RMBOM Yy = olom, 2 il b = 2 (%43 -%-2)5s =0
&w =2 Z% () Bk |ARdpad B(CE
k L .> —

Qo (2) = 3 [22/(% coscot)z—z%-(—%s‘mw*);] = 390> (s> Wt — sm*Lod)
= 39%0Cos2 ot

ng(ﬂ =3 [l%_( '/%Smwk)?’_zg_([_%%wi)’j = —3%" Cog 20t

Q\xg(*) = QRua(H) = [ 4 (—-Cosw*) (-J%—smwi) —29 (« ésmw%ﬂé‘ coswt)

= 2 %_OLLSL"‘ 2 L4

12| 2oF 7 K42 O ol



pe Qo Aol et 2004 o[z, rdntion freguentye 20,

WOVE Mumber & e = 222

-3 £ .
Q'w(t) = Re ( Ris € 20 J 7 LFEFU l{f/ A(

72t © 2 3¢

[

2

V) Uz o
""LLAgTLL-:,

Q)o(_: Bc&az ng_: ‘B%Qz QZ-9-= Q;{.)c, = 35_%&9_

0(97%7



Rocdiation fielo & 7| AH3FAL
Quodrpale o1 23+ mognetic freld &
LC/C

Lkr
IH = — YR p- N X @(ﬂ) (JackSon ?%‘9

Rz e, [@(IH)L = ? Q35 Ny

200 HEA ¥ | = o = (smbeos, S0 sing, coso)

(Rl = Qe S0 5P + QuySMpsip = 3 %0 (870 o5+ iSapsing)

=390>smp € if

((D(m)]}: leswewsclﬁ t Ry Smphsa p= 3 g0 (1 smOcos - s Pshe 6)

= 31907 pe !
[@(m)]i :O gf_ 9*§
20

2 i¢ 2~ e
ek Gyn = 3@t (5409)
9Ph6V;CCx, coordmate ofld Unit vectorz (HEFUE, Sbcosp  cosf) Cosp s

= [ $SMmDSme Cosf s Cos
/7?. +1 9—::: ¥ (smbeosg i SMH5‘“17)+ 6 (C"’gc""}”c"”s"#’)'f'?s("m* $m¢) qs ¢

?‘San0€¢+960596 +¢'Le¢
):—Zei¢§+C056’€ ¢

CoSH®  —Smkb »

2

swmbiosp + Beosheosd — Fommd

=2

A A
- K(z_—l—z
SMHS»\17 +5 cosos'»¢ + Poosh

\S)

= —?_e“é(’é +3c050 @)

Fxirx(s+ig)f = —et{Px (5 +icose¢)} = ,;e“”(ia»e ’9‘_{5>

. vkr i A ~
o £ s s

Px(x+:8)

ik

H = 5 € g aeams & (5 vucond

E = —cp- (nxH)= -cpe (— 2;‘;{‘3 fw)(g 4 0*sm e’:‘é)’}x{h(aﬁa)}
u.—‘ + M, Cl3a” eakr%—smee«;zﬁ‘(ic%e /0;_6)

g | 4n




AV\;U'W dlistri bu tior of Radiation & 234 22k,

dP c* 2. 6 2
a@— = Nz k [[(V\X&(W]Xlnl (Jockson 941-5)

[nx @] xin = Gyqn) —~ h’)(m- Q )
(nxa1xn| = & Q- ([m-@|’

dpP c 2. » .
aQ Hsznzk[@'@_[’”@l}

Q- Q= |+ Rl = 18% 0Tsin®

NG =N Qo+ 1y Ry = 24078m°0 e
[In- O/ = g420t s

QF -0 —|n-Q|" = Y% atswd (2-sm'0) = 9% 0 s 0 (14 cos”6)

éﬂ _ CZ

_ 6. \ . 2. a0,
dO 115111£7%0‘j§:”9(l+°"5 ¢) = o Si*6 (1 +cos™6)
. 2
o =
=912 C



Totol Rodinted power E T*4270 d. =smodedd

27 TL
| 2,097 0k d 30 ( |+ c0s°0 )do
p= [dP4n =235 | d¢ ] smolierd)

492 16 T
— ZOO %w} S'/y)se(l‘{'@;@)d@

d0
TCCT o
[ _, |
}TS'm’G(HCDs‘@)dQ = — [ smo (1+e)dhs =},IU-“‘)U+“‘)°"“ =] (t-at)ao
(=4 ! | ~
N |

U=0C056, du= -smpde

T I
0 (1+ 05’60 )dB =) - —'qf] L g !
L smf ( )46 =[u- 3 T3

p= 20T g 92,0% % 0
Tt g — 57'CC4



9.15 Two fixed electric dipoles of dipole moment p are located in the x-y plane a distance
2a apart, their axes parallel and perpendicular to the plane, but their moments
directed oppositely. The dipoles rotate with constant angular speed w about a z axis /
located halfway between them. The motion is nonrelativistic (wa/c << 1).

(a) Find the lowest nonvanishing multipole moments.

(b) Show that the magnetic field in the radiation zone is, apart from an overall \ a / g‘

phase factor,

ikr &
H= E‘ﬂ.k"’[(f[ + i§) cos @ — % sin 0 €] cos @ e
27 r
(¢) Show that the angular distribution of the radiation is proportional to \
(cos?6 + cos*d) and the total time-averaged power radiated is >
4
- Kp2a?
P I5me ck’pa

Hint: Problem 6.21 is relevant.
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